Supplementary Note 1
Asymmetric gain model of non-Hermitian coupled cavities
In Hermitian coupled cavities composed of two identical cavities without gain or loss, the eigenfrequencies of supermodes are real and show the broken degeneracy: bonding and antibonding modes. However, by introducing gain and loss in the coupled cavities (non-Hermitian), the eigenfrequencies are no longer real. The set of coupled differential equations describing the interplay between the supermodes excited in non-Hermitian coupled cavities is given by
where H is the effective Hamiltonian of the coupled cavities, J is the coupling constant, and 1 ( 2 ), f 1 (f 2 ),  1 ( 2 ) and  1 ( 2 ) are the wave function, eigenfrequency, gain and loss in cavity 1 (cavity 2), respectively [4] [5] [6] . In the system of two identical cavities, we set f 1 = f 2 = f 0 . With the assumption of the supermodes in steady state, the wave functions of supermodes become
and then, the eigenfrequencies of the supermodes are given by
where
are the gain contrast, loss contrast, average gain and average loss, respectively.
We note that the effective Hamiltonian in Supplementary Eq. 1 is parity-time (PT)- In the coupled PhC cavities, we assumed that the two identical PhC cavities have the same intrinsic losses,  1 =  2 = , including material absorption in the InGaAsP slab and radiation of light from the cavities 9, 10 . With the symmetric loss, the eigenfrequencies are given by
